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The probability calculus

P(-A|I)=1-P(A|I
P(AB|I)=P(A|BI)PB|I)
P(AVB|I)=PA|I)+PB|I)-P(AB|I)

They say that Understanding ought to
work by the rules of right reason. These Tules are, or ought
to be, contained in Logic; but the actual science of Logic is
conversant at present only with things either certain, impos-
sible, or enfirely doubtful, none of which (fortunately) we
have to reason on.  Therefore the true Logic for this world
is the Calculus of Probahilities, which takes account of the
magnitude of the probability (which is, or which ought to

be 1n a reasonable man's mind). (J. C. Maxwell, 1850)
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The probability calculus

P(-A|)=1-P(A| I
P(AB|I)=P(A|BI)PB|I)
P(AVB|I)=PA|I)+PB|I)-P(AB|I)

+ utility function — decision theory
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P(x |

‘Model averaging’

DMll) or P(X‘DMZI)?

£ R. Stariv. Soc. B {1905)
85T, A, 1, mp, 45-57

Assessment and Propagation of Model Uncertainty

By DAVID DREAPER]
Limienrsiy of Batk, LK

| Read tefore The Rayal Starisricnll Sociery @ ¢ weetinge orgawized by ke Kesearzh Sesion
it Weslnesday, Monch f6eh, 1884, Proleser V.o 50 Bbam in she Char]

SUMMARY
In st exsaempres of inlerence and prediction, the expression of uncertainty about unknown
quantities ¥ on the basis of koown quantitics x is based ona wodel M that formalizes
assurnpbions aboul bow x and e oare related. W will Ppically bave pwo paris: sirectane
assumptiona &, such as the form of the link function and the choice of error distribucion
in i rEnerplized linsar model, amgd peraoetors B whose ml:-:ming i ':.]'IEI..'.iﬁI_' loa giw.'n chioee
af 5. Lo i comimon in statistical theory and practice to acknowledze paramerric uncertainty
albonl O iven @ particalar assumesd strocoure 55 00 s less commmon e ack now lede stroclural
wncertainty about 8 ivself. A widely wsed approach invelves enlisting the aid of x w specify
a plausible single 'hest” choice 5% Tor 5, and then proceeding as il 5* were known [0 be
corrcet. In gencral this approach fails 1o asccss and propagate strustural uncertainty fully

slide »f726.4



‘Model averaging’

Plx| D (M V M) I] =

P(Mq| D I
P(x | D M; I) X (M ) |
P(M;1|D I)+P(M,|D I)
P(M> | D I
P(x| D M, I) X (Mz1D 1)

P(M;|D D)+P(My|D I)
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‘Model averaging’
Plx| D (M; V M) I] =
POV D)D)

P(M;|D )+P(MaD I)

P(M, (D)1
P(x| D M, I) X ( Z‘O )
P(M;|D 1)+P(M,|D I)

P(X‘DMll)X
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Typically the data appear as...

P(M | D I) P(D | M I)
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Cross-validation
P(D’'| D" M I)

both known
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Cross-validation Early stopping
P(D’'| D" M I) P(x| D’ B” M I)

both known
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Cross-validation Early stopping
P(D’'| D" M I) P(x| D’ B” M I)

both known

Can we make Bayesian sense of these?

Or do they lead to inconsistencies?
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What is a ‘model’?
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What is a ‘model’?

Statements of interestS1,S>,..., Sy
typically X1 = x1, X0 =X7,..., XN = XN
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What is a ‘model’?

Statements of interestS1,S>,..., Sy
typically X1 = x1, X0 =X7,..., XN = XN

Background knowledgd
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What is a ‘model’?

Statements of interestS1,S>,..., Sy
typically X1 = x1, X0 =X7,..., XN = XN

Background knowledgd

Model M

owledge/assumptions that determine all wanted probabiliti

P(X1=JC1,...,XN:3CN‘M I)
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What is a ‘model’?

Statements of interestS1,S>,..., Sy
typically X1 = x1, X0 =X7,..., XN = XN

Background knowledgd

Model M

owledge/assumptions that determine all wanted probabiliti

P(X1=JC1,...,XN:3CN‘M I)

(‘model’ # ‘hypothesis’)
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A visual intro to exchangeable models

xe€{-1,0,1} X1,X2,... verylong sequence
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := (F_1 , Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := ( F_1, Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)

If we assume all sequences with same long-run frequency equally probable:

p(Xi=-1|FMI)=F_,
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := (F_1 , Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)

If we assume all sequences with same long-run frequency equally probable:
p(X1=—1|FMI)=F_1 p(X1=-1,X,=0|FMI)~F_Fg

Thr Annalr of Profaifin
1540, val. B, Ba. 4, &5 Tod

FINITE EXCHANGEABLE SEQUENCES

By P. Diaconis' anp D. FrREEDMAN?

Bell Laboratories and Stanford University, and University of California at
Berkeley

Let X0 X5 - o A X s 0 X, be exchangeable random: vanables tak-
ing valucs in the set 5. The varation distance between the distribution of

X X;,- -, X, und the closest mixture uf_imhﬁcndénl: identically distributed
rumiumv:ﬁahhxiaa.hﬂw b it mestl 2ok Sn | where © 15 1the cardinality of 5.
If ¢ i& infinite, the howng k{k — l:ll.-":l't iz obdained. These resulis imply the most

general knoam forms of

the rates & /n and (& — 13 n canmol be improved.
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := ( F_1, Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)

If we assume all sequences with same long-run frequency equally probable:

p(Xi=-1|FMI)=F1 pXi=-1,Xo=0FMI)~F_Fp
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := (F_1 , Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)

If we assume all sequences with same long-run frequency equally probable:

p(Xi=-1|FMD)=F, p(X;=-1,X,=0|F M 1)~ F_; Fy

n
p(x1,...,x, | FMI)=]]F,
t=1
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A visual intro to exchangeable models
xe€{-1,0,1} X1,X2,... verylong sequence

F := (F_1 , Fo, Fl) long-run relative frequencies

“But this long run is a misleading guide to current affairs.
In the long run we are all dead” (J. M. Keynes 1923)

If we assume all sequences with same long-run frequency equally probable:
p(X1=—1|FMI)=F_1 p(X1=-1,X,=0|FMI)~F_Fg

n 1
pCrt, x| FM D) =[5 = [0

{-1, 0, 1} appear with t=1 x=—1
frequencieg:= (f_4, fo, f1)
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n 1
PGt oo Xu | EMD =] Fy = [T (F)"™

{-1, 0, 1} appear with =1 y=—1
frequencieg:= (f_4, fo, f1)

ii.d.

slide 1bf 726.4



n 1
PGty xa | EMD = [TFy = TT(FO™
t=1

{-1, 0, 1} appear with y=—1
frequencieg:= (f_4, fo, f1)

i.i.d, or:

non-learning model
p(x1, ..., %n | XXy FMI) =p(x1,..., x5 | F M I)
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Geometric representation
0

+1
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Geometric representation
0

+1
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Geometric representation
0

+1
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Geometric representation
0

+1
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Geometric representation
0

p(x|... MI)

+1
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exp|—n D(f,F)]

1
pxt, ot | F M D) =TI = =Commmos

x=-1

e

D(f,F) =X fxIn(fx/Fx) > 0 relative entropy (Kullback Leibler) -~

H(f) == fx lnfx > 0 Shannon entropy o
X
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we don’t know the long-run frequencped | M I) dF
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we don’t know the long-run frequencped | M I) dF

p(xl,...,xnlMI):fde(xl,...,xnlFMI)p(FlMI)

B exp|-n D(f,F)]
: f W Pl HI

convex mixture of non-learning models

p(F|M1I)
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Convex mixture

+1
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Convex mixture

+1
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Convex mixture

+1
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The result is a learning model
p(x1, ..., xn|lxv, ..., %0 MI)#p(x1,...,%, | M I)
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The result is a learning model
p(x1, ..., %0 | X1, .., x0 MI)#p(x1,..., x5 | M I)

exp[—n D(f, F)]

explnH(NT M D

p(ﬂ?Ml):fdP
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The result is a learning model

p(E| 7 M) = f qF &Pl DY B

[=n" D(f’, F)] p(F| M I)

p(F| ¥ M) = —>

JAE exp[~n" D(f', F)] p(F| M I)
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Parametric model

support op(F| M I)  has lower dimension F(0) 60 € R

slide 1df 726.4



Parametric model

support op(F| M I)  has lower dimension F(0) 60 € R

exp[—n D(f, F)]

expln A PEIFMD

p(ﬂ?MI):de

exp[-n’ D(f’, F)] p(F | M I)
JdF exp[-n’ D(f’, F)] p(E| M I)

p(Flx" MI) =
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Parametric model

support op(F| M I)  has lower dimension F(0) 60 € R

exp[—n D(f, F)]

expln A PEIFMD

p(ﬂ?MI):de

exp[-n’ D(f’, F)] p(F | M I)
JdF exp[-n’ D(f’, F)] p(E| M I)

p(Flx" MI) =
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Parametric model

support op(F| M I)  has lower dimension F(0) 60 € R

exp|—n D(f, F(9))]

eplnH()] PO MD

p(ﬂ?MI):fd@

exp[-n’' D(f’, F(6))] p(6 | M I)
[d8 exp[—n" D(f’, F(8))] p(8 | M I)

(6| M) =
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Parametric model
0

support op(F | M I)
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Parametric model
0

support op(F | M I)

slide 18®f 726.4



7 ___exp[=n'D(f FO)] p(0IM )
p(O]x" M) = [d6 exp[—n’ D(f’,F(6))] p(6|M I)
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/

expl-n’ D(ZFO) p(dIMD "
Jd6 exp[-n’ D(f’,F(6))] p(8]M I)

p(0]x M) = = 8(0 — 0Y)

0" = arginf D(f" — F(0))
0
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/

expl-n’ D(ZFO) p(dIMD "
Jd6 exp[-n’ D(f’,F(6))] p(8]M I)

p(0]x M) = = 8(0 — 0Y)

0" = arginf D(f" — F(0))
0

p(x| ¥ M 1) 2255 (x| F(07), M I)
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/

exp[-n’ D(f,FO)]p(OIM ) "=
Jd6 exp[-n’ D(f’,F(6))] p(8]M I)

p(0]x M) = = 8(0 — 0Y)

0" = arginf D(f" — F(0))
0

p(x| ¥ M 1) 2255 (x| F(07), M I)

learning mod&¥reasing data siz¢, o) _Jearning model
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(Summary)

learning model = convex mixture of non-learning mc
non-learning models = extreme points (sufficiency

+1
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(Summary)

learning model = convex mixture of non-learning mc

non-learning models = extreme points (sufficiency

+1

Scand | Statist 12 128-134, 1974

Sufficiency, Prediction and Extreme Models

STEFFEN L. LAURITZEN

University of Copenhagen

RBecelped Awpust 1873, revized Oeteher 1877

ABSTHACT. A modified concepl of safficiency, relevanl in
eonnection with stotisticn] wnnlysis of stochnstic processes, s
defimed amd s basic properties iovestloatcd, A meihod of
prediction that applies slien tle probalilily  steucture is
partly nokorwn is intredoced amd the method s shown to
pomsess ceTtain oportant lovariance propertles. The comcept
af an exbreme model s delmed aml its prolabilistic aml sia-
tisticul properiics discossed. Existence «+f maximum likelibeod
estmators and predictors is established wmder weak regolarity
axsunplions. For technical coovenience, anly discrete-valwesd
stochastic processes are considored threnghowt the paper.

ed total sulliciency
mentary properlies
In section 3 a p
(based on the meth
applics to the situat
turg of the process
Howewver, it appears
able results if appl
tistical models,
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(Summary)

learning model = convex mixture of non-learning mc
non-learning models = extreme points (sufficiency

guess for long-run frequency restricted to extreme p

+1
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(Summary)

learning model = convex mixture of non-learning mc
non-learning models = extreme points (sufficiency

guess for long-run frequency restricted to extreme p

guess for next observation = point in convex hull

+1
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(Summary)

learning model = convex mixture of non-learning mc
non-learning models = extreme points (sufficiency

guess for long-run frequency restricted to extreme p
guess for next observation = point in convex hull

guess for several observations = several points in cc

+1
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Learning

pre—data guess
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Learning

datapoint 15
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Average learning path
0
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Average learning path
0
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Average learning path

k
7T k .k k
1,2,...,1/1, > 7T1,7T2,ooo,7rk
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Average learning path

k
7T k .k k
1,2,...,1/1, > 7T1,7T2,ooo,7rk

7.[4

1,2,3,4,5,6,7,8,9,10 ——> 2,5,8,9
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Average learning path

k
7T k .k k
1,2,...,1/1, > 7T1,7T2,.0017Tk

7.[4

1,2,3,4,5,6,7,8,9,10 ——> 2,5,8,9

POV / ki e 7 ’ ’
X=X, X, e, X - 71 (X)) 1= X s X jereee s X

slide 24f 726.4



Average learning path

k
7T k .k k
1,2,...,1/1, > 7T1,7T2,ooo,7rk

7.[4

1,2,3,4,5,6,7,8,9,10 ——> 2,5,8,9

T e A / / ki o 7 ’ /
X=X, Xy Xy - 7 (x) = xﬂ{"xﬂg'”"xm’f
—(k)
p(x MI):= “YMI)
average guess after k data points (k) {ﬂk}

from a set of n' data points

slide 24f 726.4



Average learning path

k
7T k .k k
1,2,...,1/1, > 7T1,7T2,ooo,7rk

7.[4

1,2,3,4,5,6,7,8,9,10 ——> 2,5,8,9

/

- T () =x" 5, X,

) e /
X=X, Xy, e, Xy ﬂ

—(k)

p(x M) :=

average guess after k data point
from a set of n' data points
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Let’s cross-validate!

v‘
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— > Inp(x/ | M)

cross-validation log-score
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Validation error {Glass dataset, 4+4 hidden) ——
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o
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Fig. 2.2. A real validation error curve. Vertical: validation set error; horizontal: time

(in training epochs].
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Why best log-score at 2 training points?
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Why best log-score at 2 training points?
0

> +1

frequency distribution
of data sample
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What does the cross-validation log-score actually measure?

1 —
— Z Inp(x”| o M)
i
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What does the cross-validation log-score actually measure?

Zlnp(x”l T )M I)

n//

k) (k)

p(/ | M D pGl 1 M) p(e | 7 M)
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What does the cross-validation log-score actually measure?

Zlnp(x”l T )M I)

n//

'?p(x MDD pa | M D pGl | MI)'?

® this can’t be derived by the probability rules in our context

p(x7| ' M) =

— (k) — (k)

p(x/| M D) p(x? |« x M I)---p(xl | x5, .., x", _,x" MI)
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What does the cross-validation log-score actually measure?

/7 —’(k) 0
?l |p(xi | x I)
i
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What does the cross-validation log-score actually measure?
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What does the cross-validation log-score actually measure?

1 =) 0
?l | p(x? | x” M)
i

[TpGx?| F® M)

=p(x” | F® M 1)
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Some conclusions about this kind of cross-validation
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Some conclusions about this kind of cross-validation

The log-score is not assessing the ribdel

Log-score = evidence P(data | model) for several non-learnid{f’?:igiie

Log-score is very hit-or-mi s

A

— More methodical approach: use m&lel € convéx hull( )
(or just go non-parametrics!)

slide 3bf 726.4



Some conclusions about this kind of cross-validation

The log-score is not assessing the ribdel

Log-score = evidence P(data | model) for several non-learnidb(]&)dgﬁe

Log-score is very hit-or-njiss

A

— More methodical approach: use m&lel € convéx hull( )
(or just go non-parametrics!)

y stopping prevents underfitting, not overfitting

slide 3bf 726.4



More realistic example: normal model + normal-inverse-Wishart prio:

prIN D) = [diedo NG| 1, 0) NiW(w, o] 0
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More realistic example: normal model + normal-inverse-Wishart prio:

p(xlNI):fdudaN(xl i, o) NiW(u, o| ¢) =t(x]|...)

0
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More realistic example: normal model + normal-inverse-Wishart prio:
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More realistic example: normal model + normal-inverse-Wishart prio:
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Let’s cross-validate!

validation setX”’ x /" training set

144

n n’

Z — Zlnp(x”| x’ N T)

/ x” ,x’
all possible (n'', n') partitions
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Cross-validation: a Bayesian perspective?

parametric model  with sufficient statistics s(x)

p(x| 6, M I) = g(x) exp[0 s(x) ~ In Z(0)]
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Cross-validation: a Bayesian perspective?

parametric model  with sufficient statistics s(x)

p(x| 6, M I) = g(x) exp[0 s(x) ~ In Z(0)]

cross-validation = hit-or-miss Bayesian analysis of different paramdtric model

fd@ g(x) exp[Os(x)+n00 —(n+1)InZ(0)] f(O)
[de g(x) exp[rn06 — nInZ(0)] £(0)

p(x | n,U,Z\7I I) =
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Questions & thoughts

Could we study the larger model more systematically instead?
Would that be worthwhile?

Is cross-validation worthwhile? (it’s only exploring a slightly larger model

How about the machine-learning case? - very different!
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Thank you!



